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Closed-Form Expressions for Crosstalk Noise and Worst-Case
Delay on Capacitively Coupled Distributed RC Lines

Hiroshi KAWAGUCHI'*?, Nonmember, Danardono Dwi ANTONO**, and Takayasu SAKURAI', Members

SUMMARY  Closed-form expressions for a crosstalk noise amplitude
and worst-case delay in capacitively coupled two-line and three-line sys-
tems are derived assuming bus lines and other signal lines in a VLSI. Two
modes are studied; a case that adjacent lines are driven from the same di-
rection, and the other case that adjacent lines are driven from the opposite
direction. Beside, a junction capacitance of a driver MOSFET is consid-
ered. The closed-form expressions are useful for circuit designers in an
early stage of a VLSI design to give insight to interconnection problems.
The expressions are extensively compared and fitted to SPICE simulations.
The relative and absolute errors in the crosstalk noise amplitude are within
63.8% and 0.098 E (where E is a supply voltage), respectively. The relative
error in the worst-case delay is less than 8.1%.

key words: interconnection, crosstalk, coupled transmission lines, inte-
grated circuit noise, delays

1. Introduction

Interconnection related issues become more and more im-
portant in estimating VLSI behavior [1]. For instance, a
coupling capacitance is getting comparable to a ground-
ing capacitance, and crosstalk noise may cause malfunction
and timing problem, particularly, in dynamic circuits. Even
in static circuits, noise may generate unexpected glitches,
which gives rise to timing and power issues as well.

Several attempts have been made to treat crosstalk
noise and delay in capacitively coupled interconnections
[2]-[7]. Although [2], [3] handle crosstalk noise in coupled
RC lines, the interconnections are not distributed lines. [4] is
limited to delay estimation in a two-line system. [5]-[7] de-
scribe both delay and crosstalk noise but do not give closed-
form expression, which are useful for EDA implementation
while it is too complicated for circuit designers. Moreover,
they are restricted to the case that adjacent lines are driven
from the same direction (hereafter, same-direction drive),
and do not reflect on a junction capacitance of a driver MOS-
FET.

This paper extends analysis of crosstalk noise and
worst-case delay to another general case that adjacent lines
are driven from the opposition direction (hereafter, opposite-
direction drive). In addition to the two-line system, we ana-
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lyze a three-line system. The derived expressions are useful
for circuit designers in estimating crosstalk noise and worst-
case delay, and give insight to coupling related issues in an
early stage of a VLSI design. Note that we do not consider
an inductance, L, and mutual inductance, M, in this paper
since they do not affect delay and crosstalk noise very much
in future copper processes [8], [9].

This paper is organized as follows. In the next sec-
tion, we will mention basic equations of capacitively cou-
pled distribution lines. In Sects.3 and 4, we will discuss
crosstalk noise and worst-case delay in the same-direction
and opposite-direction drive cases, respectively. Finally, a
summary follows in Sect. 5.

2. Basic Equations

Figure 1 illustrates capacitively coupled distributed RC lines
in a two-line system. It is governed by the following basic
equation set;

8vy(x,1) vy (x, 1) Oy (x, 1)
——— =ri(c1 +¢) —rice
ox? ot t (1)
8va(x, 1) - )sz(x, 1) B v (x, 1)’
oz AT TRy,

where v;(x, 1) (i = 1, 2) is a voltage of the line i. r;, ¢;, and ¢,
are a resistance, a capacitance, and a coupling capacitance
between the lines per unit length. Since a bus and other
wiring structures laid out on a same level have a same resis-
tance and capacitance per unit length, we hereafter assume
rp =r, = randc; = ¢; = c. In this paper, we do not
consider lines on different levels because lines on upper and
lower levels cross at right angle, and a coupling capacitance
between them is negligible.

In the three-line system in Fig. 2, the following equa-
tion set holds;

X—————»
r
AN — v (3, 8): line 1
c, c=
r;
Vy(x,1): line 2
C;

Fig.1 Two distributed RC lines capacitively coupled (two-line system).
The x-coordinate indicates position along lines. ¢ is time.
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Fig.2  Three distributed RC lines capacitively coupled (three-line
system).
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(1) and (2) can be represented as follows;
8y (x,1) ovy(x, 1) Ovr(x, 1)
— =r(c + nc.) —nre,
ox? ot 3)
8Pva(x, 1) . )ﬁvz(x, 1) B o (x,0)
o2 Ty, Ty

where n = 1 and n = 2 hold in the two-line and three-line
systems, respectively. (3) can be rewritten as follows;

Poen) o e
o g ot UEr>

%y (x, 1) B vy (x, 1) ovy(x, 1) ’
P LU L

where 17 = ¢./c. With a linear transformation, (4) turns out
to the following equation set;

“4)

0% {v;(x, 1) + nvy(x, 1))

C@ {v1(x, 1) + nvy(x, 1)}

ox? ot (5)
O {ui(x, ) —va(x, 0} rca{’“("’ H-unxnt -
x? - a(t/p)

where p = (n + 1)n+ 1. v; + nv, and v; — v, are called a fast
and slow wave, respectively.

3. Same-Direction Drive

In this section, the case that adjacent lines are driven from
the same direction is treated as illustrated in Fig.3. As the
boundary conditions, we account for an equivalent resis-
tance of a driver MOSFET, R,, an equivalent junction ca-
pacitance of the driver MOSFET at the drain, C;, and an
equivalent capacitance of a receiver MOSFET, C;, as fol-
lows;

1 onxnl _E-un(©,0) C'avl((), )
r Ax o R, T ot
1 Ovi(x, 1) ovi (1, 1)
__. =C,
r ox |zt ot 6)
L dnn|  _Er=00) 6000
r Ox o R; T ot
1 Ovy(x,t) o (L, 1)
__. =C,
r ox |zt ot

IEICE TRANS. FUNDAMENTALS, VOL.E90-A, NO.12 DECEMBER 2007

x=0 — »x=/
Rev 0.0, . R= v

%k Sel o %

Ry 00, Ry g

ot Ei
=0
v,(0,1)

oI8D GRed Fo
=0

Fig.3  Same-direction drive. Driving points are at the same end.

where E; (i=1, 2) is a step voltage at the driving point of the
line i. [ is a line length. Then, we introduce the concept of
the fast and slow wave mentioned in Sect. 2. (5) is replaced
as follows;

62Ufasl(~xv t) - re 81}fusr(xv t)

Ox? ot
azvslow(-x, t) _ rcavslow(-x, t) ’ (7)
ax2 T At/p)

where v = v; + nv2 and v, = v; — v;. The boundary
conditions, (6), can be replaced as well;

_l avfast(-xs t) _ (El + I’lEz) - Ufast(os t)

r Ox o R

T ul0.1)
ot

1 6Ufast(x’ t) 6Ufasl(la t)
e E b il B o L A

r ox _ ot )
_l ) Ogiow(X, 1) _ (E1 — E2) — 0500,(0, 1) .

r ox x=0 R,

_Q ) 004100(0, 1)
p  0t/p)

_1 avxlnw(x, t) _ 9 avslou)(la t)

r 0x L= p O/p)

On the other hand, in a single distributed RC line in
Fig.4(a), it is well known that the telegraph equation, (9),
with the boundary conditions, (10), has the approximate so-
lution, (11), at the receiving end [10];

0%v(x, 1) ov(x, 1)
FIoN o ©)
_l ov(x, 1) _E-0(0,1)
r 0x |0 R
1 an| Ll (10)
roodx | o

t/(RC)—0.1 ])
TEimoreWithourcj — 0.1
_ E(l e [_ t/(RC) — 0.1 ])
RCr+Rr +Cr+04
@ift/(RC) > 0.1)
-0 (if7/(RC)<0.1), (11)

where R = rl, C = cl, Ry = R/R, and C; = C,/C. Namely,
R and C are the total resistance and capacitance of the line.
TEmoreWithourcj 15 the Elmore delay [11] of the line without
Cj,and is RrCr + Ry + Cr+0.5. As shown in Fig. 4(b), if C;
is considered, the Elmore delay is replaced as 7giorewimnci =

vl 1) = E(l —exp [—
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Ry (Cr + Cy) + Ry + C7 + 0.5, and thus (11) is rewritten as
follows;

o, 1) = E(l — exp [_M])

TElmoreWithCj — 0.1
t/(RC)-0.1
= E|l-exp|-
Ry (Cr+Cp)+Rr+Cr+04
(if t/(RC) > 0.1)
=0 (@ft/(RC)<0.1), 12)

where C; = C;/C. (12) is a solution to the single distributed
RC line with C;, and can be extended to the fast and slow
waves. Based on the boundary conditions, (8), we make
E — E| + nE, for vy, and E — Ey — Es, t — t/p, Cr —
Cr/p, C; — C,/p for vy, to obtain the following solutions;

Vast(l, 1) = (E1+nkEp)

( [ t/(RC) - 0.1 ])
[1—exp|—

Rr(Cr+Cy)+Rr+Cr+04
(if t/(RC) > 0.1)

=0 ((ft/(RC)<0.1)
Vstow(l, 1) = (E1 = E3)

(1ol t/(pRC) - 0.1 .
PN RA(Cr+C)Ip+Rr+Crlp+04
=(E1-Ey)

el t/(RC) = 0.1p
P T RA(Cr+C )+ pRr+Cr+04p

@if t/(RC) > 0.1p)
=0 (ift/(RC)<0.1p)

13)

Since v = vy + 1y and vge, = V1 — V2, v and v, are
expressed with the linear combination as follows;

01 1) = {0 (1. 1) + n0giou (LD} /(0 + 1) 1
020, £) = {opase (1, 1) = vt (L, O}/ + 1)
Finally, the following expression for v; holds;
01, 1)
1 1/(RC)-0.1
= E\——{(E,+nE -
! n+1{( 1+nE) eXp[ RT(CT+CJ)+RT+CT+O.4]

t/(RC)-0.1p
Ry (Cy+Cp)+pRr+Cr+0.4p
(if t/(RC) > 0.1p)
_ E\+nkE, (1_exp[_ t/(RC)-0.1 ])
n+1 Ry (C7+Cp)+Ry+Cr+04
(if 0.1 < t/(RC) <0.1p)
=0 (@ft/(RC)<0.1). (15)

+ n(E|—Ey) exp [—

}

Since we assume that the line 1 is a victim and the line

2671

x=0 > x=/
R vo,n,  R=rl g

v(0,%) 5\/\/\,—0—'\/\/\/\N\/\/\/\/\/—g
0 tJ__o E1 c= CI /J; Ct

\Normalized byR&C

Ry 12 1/2

1 /% /%CT
Elmore delay:
TEImoreWithouth:RTCT"'Rr"' C.;+0.5

(a)
x=0 »x=/
Re vy, R=rl g

v(0,1)
LED nod, g
=0

Normalized by R& C

R, 12 112

MW W—2
SE L FCr
Elmore delay:
Z-Elmorellllil‘th=RT(CT"'C_j)"'RT"'CT"‘O.5
(b)

Fig.4 Boundary conditions and Elmore delays for distributed RC lines
(a) without C; and (b) with C;.

2 is an aggressor in this paper, we will focus on v but not v;.
To verify the validity of (15) and other expressions described
later on, we compare them to HSPICE simulations. Note
that all HSPICE simulations in this paper are carried out
using a 10-stage n-type RC model instead of a distributed
RC line model. We prepare the following parameter sets for
wide-range comparison in terms of n, Ry, Cr, and Cy;

n—1{0,0.1,0.2,0.5,1,2,5,10}.

Ry —{0,0.1,0.2,0.5,1,2,5, 10}.
Cr —1{0,0.1,0.2,05,1,2,5,10}.
C; —1{0,0.1,0.2,05,1,2,5,10}.

That is, the number of combinations is 4,096 (= 8§ X 8 X
8 % 8).

Unfortunately, since (15) is originally derived from
the approximate solution, (11), and besides the Elmore de-
lay, Tgimorewimcj> 1 assumed in (12), (15) does not fit to
the HSPICE simulations very much, particularly, at a large
value of C,. For instance, the relative delay error in (15)
reaches 14.6% whenn =0, Ry = 0.1, C;r = 0.5, and C; =
10 even though 7 is zero and there is no coupling effect. To
suppress the relative error down to 10%, we introduce a fit-
ting technique with MATLAB Optimization Toolbox [12],
and put fitting terms to (15). (15) is rewritten as follows;

vi(l, 1)

t/(RC)=0.1—-a; VR;C;

Ry (Cr+aCy)+Rp+Crp
+0.4

t/(RC)=0.1p—a) VRrC,

Rr(Cr+a>Cy)+pRr+Cr +O.4p]}

1
= El—m (E1+I’ZE2)CXp -

+ n(E|—E)exp|—
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(if t/(RC) > 0.1p + a; \JRrC))
_ Ei+nkE, (l—exp[— t/(RC)-0.1-a; VRrC; )
n+1 Ry (Cr+a,Cj)+Rr+Cr+0.4
(if 0.1 + a; \/R7Cy < t/(RC) < 0.1p + a; \JR;Cy)
=0 (if1/(RC) < 0.1 + a; VR7C)), (16)
where a; and a, are fitting parameters. The fitting terms

are inserted so that (16) becomes (15) when C,;=0 (see Ap-
pendix A.1 for more detail).

3.1 Crosstalk Noise Amplitude

In the crosstalk noise estimation, we substitute £; — 0 and
E, — E in (16) as follows;

ol ___n ([ t/(RO)=0.1-a VRIC,
E n+1 P Tast

[t/(RC) - O.lp —dai \/RTCJD
—exp

Tslow

@ift/(RC) > 0.1p + a; VR Cy)
_ L (1—6Xp [_t/(RC)—O.l—(ll \/RTC]])

n+l1
Gf 0.1 + a; VRrCy < t/(RC)

< 0.1p+a1 \/RTC])
=0 (ift/(RC)<0.1+a;+RsCy), a7

where 71, = Rp(Cr + a2Cy) + Ry + Cr + 0.4 and 74, =
Rr(Cr + a,Cy) + pRr + Cy + 0.4p. The crosstalk noise
comparison between (17) and the HSPICE simulations are
shown in Fig.5whenn =2, n=1,and Ry =Cr =C; =0,
where the noise peak in the HSPICE simulation is 0.4E.
This means that the noise induced by the crosstalk goes up
to 40% of the signal swing on this condition, which often
happens in VLSI designs and may cause malfunction, par-
ticularly, in dynamic circuits.

Tfast

1
—— Eq.(17)
S — HSPICE
> 4
5
(o]
g
e
0.5

9 0.4
= [N E=0
gt E,=E
= ] hY =
o : ‘\v n=2
z | e =1

o e, Froren

0 5 10

Normalized time: t/(RC)

Fig.5  Crosstalk noise comparison between (17) and HSPICE simulation
(same-direction drive).
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By differentiating (17) and solving dv;/0t=0 in terms
of ¢, we can obtain the time to give the noise peak, #, sume,
and then can find the noise peak itself. However, since (17)
is monotone increasing function when t/(RC) < 0.1p +

a; VR Cy, tp,same/(RC) > 0.1p + a; VRrC; must hold. In
this paper, if the obtained 7, u./(RC) is less than 0.1p +
ai VRrCj, we replace 1) sume/(RC) to 0.1p + a; VRrC; as
follows;

Ttast Tslow ln[Tfast/Tslow] +0. l(prast - Tslow)

RC B Tfast — Tslow

+a; \IRTC]

(lf Ttast T slow ln[Tfusr/Tslow] + O~1(prast - Tslow)
Tfast — Tslow
= 0.1[) + a \/RTCJ

(lf Tast Tslow ln[Tfast/Tslow] + 0-1(prast - Tslow)

Ttast — Tslow

t p,same

ZO.lp)

< 0.1 p) .

(18)
By putting (18) back to (17), the noise peak, v, sume, 1S Ob-
tained as follows;

n Tslow ln[Tfast/Tslow] +0. 1(17_ 1)
= ———|exp|—
E n+1 Tfast — T slow

[ Tfast ln[TfasI/Tslow] + Ol(P - 1) :|)

Ttast — Tslow

Up,same _

Tfast T stow 10 Tfast / Tstow] + 0. 1(PTrast — Tstow

(ifftl [Tfast / Tstow] (PTfast l)zo.lp)

Ttast — Tslow
n { [ 01(p-1) }
= - exp|-——=|[ -1
n+1 Tfast

(if Ttast T slow ln[Tfast/Tslow] + O-l(praxz ~ Tslow) < 01[7) .

Tfast — Tslow
(19)

(19) does not include the fitting parameter a; but a;.
For v}, same, since a;=0.70 makes the absolute error least in
the both cases that n=1 and n=2, we set 75y = Ry (Cr +
070Cj) +Rr+C7r+0.4 and 74, = R7(Cr+0.70C)) +pRT +
Cr+0.4p in this crosstalk noise estimation. For , s, a1=0
is optimum, and thus (18) can be rewritten as follows;

Ttast Tslow ln[Tfast/Tslow] +0. l(prast - Tslow)
RC Tfast — Tslow

5 p,same

Tfast T stow [ Tfast [ Tstow] + 0.1(DTfust = Tstow
(ifftl (Tfast / T siow] (PTfast l)zo.lp)
Ttast — Tslow
=0.1p
Tfast T stow I Tfast [ Tstow] + 0.1(DTfust = Tstow
(ifftl (Tfast / T siow] (PTfast 1)<0.1p).
Ttast — Tslow
(20)

3.1.1 Case that n = 1 (two-line system)

The relative error of 7, s, in (20) is as much as 55.4% when
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n=0.1, Ry=0.5, C7=0, and C,=10, while the absolute error
of v}, same in (19) is 0.033E (3.3%) as shown in Fig. 6 when
n =25, Rr=0.1, Cr=1, and C;=10. Note that the value is an
absolute error.

To minimize a relative error in a crosstalk noise ampli-
tude, a, = 0.78 is better fitting than a, = 0.70. The relative
error of vy same in (19) is 24.0% ((19) = 3.48 X 103 and
HSPICE = 4.32 x 1073) when 5 = 0.1, R;=10, C7=0, and
C,;=10. Like this, a small absolute error results in a large

1 -

n=1 'EF'OE " Eq.(17)
Y 775 = HSPICE 1
S | R=0.1 |
o Cc=1
g [c=10
g
205
N /HSPICE 0.033E
g ,/ =0279
o < o "\f\\\.“, ]
= > Eq.(19) —
/. =0.246
K 5 10

Normalized time: t/(RC)

Fig.6  Worst-case absolute error in crosstalk noise amplitude (n=1,
same-direction drive).

Table 1  Relative errors of (19) when n=1. [ ] signify an absolute error.
Vpsame >0 >0.1E >0.2FE >0.3E >0.4E
Error 24.0% 19.0% 15.6% 12.1% 5.8%

[0.033E] | [0.033E] | [0.033E] | [0.032E] | [0.025E]

1I— ——

n=2  E=0 —— Eq.(17) |
W =10 Es=E HSPICE
S [R=10 ]
o C~0
g [cs10
E
50% Eq.(19)  0.044E
& =0.356 |
a ©
£
[]
4

0 100 200 300 400

Normalized time: t/(RC)

Fig.7 Worst-case absolute error in crosstalk noise amplitude (n=2,
same-direction drive).
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relative error since the crosstalk noise amplitude sometimes
becomes zero or a very small value. Table 1 is an error table
at various values of vy, g4, in Which the relative error turns
out smaller as the noise amplitude is increased.

3.1.2 Case that n = 2 (two-line system)

The absolute error of v, sume is 0.044E (4.4%) as depicted
in Fig. 7 when a,=0.70, n = 10, Ry=10, C7=0, and C;=10,
although the worst-case relative error of #,, s, is as much as
56.8% when n = 10, R7=0, C7=0, and C;=10.

The relative error of vy, sgme 15 23.9% ((19) = 6.93 % 1073
and HSPICE = 8.59 x 1073) when 1,=0.78, 7 = 0.1, R;=10,
Cr=0, and C;=10. Table 2 is an error table when v, s is
varied.

3.2 Delay

As expressed in (16), v; depends on values of £ and E;. In
the delay estimation of the line 1, although we make E; —
E, E; has three cases;

e FE, — FE indicates an in-phase drive, where the adjacent
lines are driven in phase. In this case, v;(x,f) = v2(x,1)
holds at any position at any time because E| = E; = E,
which means that no current flows between a coupling
capacitor and the coupling capacitance can be canceled
out even if there is some capacitance between the lines.
This phenomenon can be explained as a kind of the
Mirror Effect that makes ¢, = 0, and thus n = O rep-
resents the in-phase drive by definition.

e When E, — 0, we call it an E; = 0 drive, where the
line 1 is only driven and the line 2 is not.

e The last case that £, — —FE is an out-of-phase drive,
where the adjacent lines are driven out of phase.

The delay comparisons between (16) and the HSPICE
simulations in the three cases are shown in Fig. 8 when n =
2,n=1,and Ry = Cr = C; = 0. n =1 means that a
coupling capacitance is equal to a grounding capacitance,
which often happens in VLSI designs. The figure shows that
the delays in the same-direction drive case fluctuate from
0.38RC to 1.98RC according to the E, drives, and the out-
of-phase drive has the worst-case delay. In this paper, the
worst-case delay is discussed as a line delay (on the best-
case delay, see Appendix A.3).

As the worst-case delay, we substitute £; — E and
E; — —E in (16), but this equation does not have a positive
value when t/(RC) < 0.1p+a; VRrC, in the case of the out-
of-phase drive. Hence, the region in which #/(RC) > 0.1p +
a; YRy Cj is only to be considered in the delay estimation,
where (16) is rewritten as follows;

Table 2  Relative errors of (19) when n=2. [ ] signify an absolute error.
Vp same >0 >0.1F >0.2E >0.3E >0.4E >0.5E >0.6E
Error 23.9% 19.6% 17.8% 14.9% 11.3% 8.1% 5.6%
[0.044E] | [0.044E] | [0.044E] | [0.044E] | [0.044E] | [0.035E] | [0.035E]
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1 v

[b’\ M«:;t«?@ Eq.(16)
"L;_ ;f ‘%<“ ................ HSPICE
/ /
8 |/ & / DE=E:in-phase drive
S 0. / 2 (best-case delay)
S |/ oﬁ« E,=0: E,=0 drive
S [f /2+—E,=-E: out-of-phase drive
N ; / (worst-case delay)
g O E=E
5 0.38 n=2
z 0.98 =1
o 198 ReCrCr
0 5 10

Normalized time: t/(RC)

Fig.8 Delay comparisons between (16) and HSPICE simulations (same-
direction drive).

L}é’t) = l—ﬁ{(l—n)exp
___1/(RC)=0.1-q, VR C;
Ry (Cr+a,Cjy)+Rr+Cr+0.4
___1/(RO~0.1p-ai VR C; ]}
Rr(Cr+a>Cjp)+pRr+Cr+0.4p
(if 1/(RC) > 0.1p + a; \[R7C)). Q1)

Then, to find the line delay, 7,4 same, v1(l,1)/E in (21)
is set to 1/2, and we need to solve the following equation in
terms of #p4 sames

+ 2nexp

_ tpd,same/(RC)_O-l —ai VRTCJ
RT(CT +a2CJ)+RT+CT +0.4

tpd,mme/(Rc)_O~1p_al VRTCJ }} 1

L {(l—n) exp[

n+l1

Ry (Cr+aCp)+pRr+Cr+04p|[ 2
(22)

+ 2nexp [—

3.2.1 Case that n=1 (two-line system)

Ipd,same 10 (22) is easily solved if n=1 as follows;

tpd,same/(RC) = 0.1p+a; VRrCy+In[2[{R7(Cr+a,Cy)
+ pRr + Cr + 0.4p}. 23)

Compared with the HSPICE simulations, a;=0.19, and

a,=1 are optimum in (23), where the relative error is 6.9%.
Thus, #,4 same finally becomes as follows;

tpd,same/(RC) = 0.12n + 1) +0.19 VRrC; +1n[2]
{Rr(Cr+Cy))+(2n+ DRy + Cr + 0420 + 1)}
(cp=(m+1n+1=2n+1). 24)

The worst-case relative error happens when = 0, Ry
= 0.5, Cy=0, and C,=10 as depicted in Fig. 9.

IEICE TRANS. FUNDAMENTALS, VOL.E90-A, NO.12 DECEMBER 2007

3.2.2  Case that n = 2 (three-line system)

If n = 2, (22) becomes a sum of two exponential functions
and can be represented as the following function, f;

f(i) = kfast eXp[_f/Tfast] + Ksiow exp[_f/Tslow]’ (25)
where

f: tpd,sume/(RC)
p=m+Dn+1=3n+1

Thast = Ry (Cr +a,Cy)+ Ry +C7r +04
Tsiow = R (Cr + axCy) + pRT +Cr + 04p

1 0.1 + a; VR;Cy - (29
kfast = _§ EXp|——————
Tfast
4 [0.1p+d1 VRTCJ:|
kslow =ze&Xp|l————™
3 Tslow

Then, we assume that (25) is approximate to the fol-
lowing single exponential function, g;

g(i) = ksame exp[_f/Tsamel (27)

Here, we introduce the moment matching method [13]
using (25) and (27) as follows;

moy = kfa‘vt + Ksiow © 1o = Ksame
00

my = f f(i)df = kfastTfast + kslowTslow
0 [ee]
e np = f g(i)df: kmme‘rmme
. 0
£ e 2 2
np = f tf(i)dt = kfastTfmt + kslowTslow
0 00
PPN 2
Ny = f tg(i)dt = ksameTsame
0

. (28)

co
m; = j; f]_lf(i)df = kfaftT;ast + kslowTélow
0o .
onj= f fj_lg(ﬂdf = ksameTéame
00 0 . .
M = f P f@E = KTy + kstou T,

)
i N j+1
= nj+1 = f []g(i)dt = ksameTéame
0

where m; andn; 1 =0,1,2,..., j, j+1,...) are the i-th order
moments of f and g, respectively, and we assume m; = n;
based on the moment matching method. Once we obtain m;
and mj.1, Tame and kgqpe are given as follows;

Tsame = mj+1/mj
{ k _ mj+1/mj . 29)
same — ] ]+1

Then, f can be reached as follows;

J+1
mjg | 2m;
In F
i
J min

( ksame exp[_f/‘rsame] = 1/2) B (30)

i= Tsame ln[2kmme] =
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n=1,2 E=E
=0 E,=-E

— Eq.(16)

6.9%

Normalized voltage: v,/E
o
n

HSPICE Eqs.(24) & (31)
=4.32 =4.61

0 5 10
Normalized time: t/(RC)

Fig.9  Worst-case relative error in delay (same-direction drive).

where j is a fitting parameter. Again by being compared
with the HSPICE simulations, ¢;=0.19, a,=1, and j=2, are
obtained as the optimum condition. Therefore, (30) can be
rewritten as follows;

t same 2 m3
Lot = S | 2|, 3D
RC my m%
where
Thast = Ry (Cr+Cy)+Rr +Cr + 0.4
Tsiow =Rr(Cr+Cy)+(Bn+ 1Ry +Cr+0.43n+1)
1 0.1 +0.19 \/RTCJ
kfast = —= exp
3 Tfast
4 01(3)7+1)+()19\/RTCJ]
kslow = = exXp
3 Tslow
mp = kf‘”t fast + kSIOWTslow
m3 = kfasr fast + kslowTXlow

(32)

The worst-case relative error in (31) is 6.9% as well as
the case that n=1 when n = 0, R7=0.5, C7=0, and C,;=10.
On this condition, the waveforms are the same as Fig. 9.

4. Opposite-Direction Drive

In this section, the case that adjacent lines are driven from
the opposite direction in Fig. 10 is handled. With the
Laplace transformation, (5) is replaced in the s-domain as
follows;

O (Vi (x, 5) + nVa(x, 5)}

=res{Vi(x, s) + nVa(x, s)}

v il 4 :
Vix, s) = Valx, $)} _ reps Vi(x, 5) = Va(x, 5))
Ox?
(33)
The solutions to (33) are expressed as follows;
Vi(x, s) + nVa(x, s) = Kje V" + Kle™ V" (34)
Vi(x, s) = Va(x, s) = Kie VSrPY + Kje™ Vet ’

2675

x=0 — »x=|
v,0.0,,  R=r v 9 Re

CT, qﬁ/;;c ot Ei

Rey (0, =rl g 0
o EZ@ CF cd s
t=0

Fig.10  Opposite-direction drive. Driving points are on the opposite
sides.

where K|, KJ, K}, and K| are integration constants. With
linear combination, (34) is rewritten as follows;

(n+ DVi(x,s) = (K;e‘/mx + Kée“/mX)
+n (ng VSTEPY 4 K e ﬂx)
(n + I)VZ(X, S) = (K;e srex + Kée_

srcx) : (35)
- (ng‘/m" + K:‘e’m")

Finally, the following expressions are the general solu-
tions to (33) in the s-domain;

Vi(x,s) = Klem" + Kze—\@x + nK3e\/Wx
+ I’LIQe‘Wx
VZ(X, S) = Kle‘/%x + Kze— srex _ K3€‘/Wx R (36)

_ K4e— \Ssrepx

where the integration constants, K, K», K3, and K4 are to
be taken from boundary conditions, which in the -domain
are as follows;

_l ovi(x, 1) __C ov1(0,1)
r Ox |0 "ot
1 dui(x,0) _Ei -un v (1, 1)
r x| R; )
1 Ovy(x,1) E> —1v,(0,0) 0v(0,1) ~
. - -C;
r 0x |y=0 R; ot
_l Oy (x, 1) _c o (L, 1)
r Ox | oot

(37)
(37) can be replaced in the s-domain as follows.

1 aVi(x,s)

- = —sC,Vi(0, s)
r ox x=0
1 0Vi(x,s)|  Ei/s=Vi(l,9)
p el R +sC;Vil, s)
1 Va(x,s)| _ Ez/s—V2(0,s)
- rrl R sC;V,(0, 5)
1 0Va(x,
_1 nx5) = sC,Vs(l, 5)
r ox |yt
(38)

4.1 Crosstalk Noise Amplitude

Unless R;, C;, and C; are all zero, we cannot easily solve
noise peak since analytlcal expressions turn out to be very
complicated. The case that R, = C; = C; = 0, however,



2676

gives the worst-case scenario in terms of the noise peak
because coupling effect is mitigated if R;, C,;, or C; is not
zero. The noise peak in the HSPICE simulation are shown
in Fig. 11 whenn = 2, p=1,and Ry = Cr = C; = 0,
where the amplitude is 0.4E as well as the same-direction
drive case.

At first, we treat the case that R, = C; = C;=0, and
extend it to a general case. The boundary conditions, (38),
can be rewritten as follows when R, = C, = C; = 0;

Vi(x, s) _
Ox x=0 =0
Vill,s) = Ei/s
Va(0, 5) = Eas 39)
Vy(x, s)
gr2\L i g
ox x=l

(36) with the boundary condition, (39), yields the fol-
lowing equation set;

Kiy1 = Kyyr + nKzy, —nKsy, =0

Kie" + Kye "' + nKze”! + nKye ! = Eq/s
K1+K2—K3—K4=E2/S ’
Kiyie"' = Kyyie ! = Kzyae + Kyyre ™' = 0

where y; = VsRC and y, = /spRC.

In noise-peak estimation, we substitute £; — 0 and
E, — E, and solve (40) in terms of K, K, K3, and K. By
putting them in (36), V;(0, s) is obtained as follows;

(40)

(y1 —y2)(nyr + )’2)62(7‘ +72) 4 K, e

Vi0,5) n  +K3e" 4 Kse?' + O1(n,y1,72)
E sy +ny)ny +y)e? D 4 Ken
+K4e" 12 + K6€2y1 + O2(n,y1,72)
(41)

The noise peak, vy opp0, can be calculated with the fol-
lowing initial value theorem of the Laplace transformation
because v, 50 1s given whent = 0if R, = C, = C; = 0;

1
n=2 E=0 HSPICE
w [ EfE -
N R~=0
o Cc~0
g CF
2
0.5

o 0.4
=
£
o
4

G0 5 10

Normalized time: t/(RC)

Fig.11  Crosstalk noise in HSPICE simulation (opposite-direction
drive).
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Up.oppo _ U](O, +0) - lim SVl(O, S) _ n\/ﬁ —-n
E E soeo E nyp+1
(exactif R, = C, = C; = 0). (42)

Then, for a general case that R;, C;, or C; is not zero,
we extend (42) and introduce the fitting terms with the fitting
parameters, di, d», d3, and dy, to it as follows;

Up.oppo np—n
E I’l\/ﬁ+1+d1 VCT+d2VRTCJ
VRr + VRrCr + 1
ds VRr +dy VR Cr + 1
where the fitting terms are inserted so that (43) becomes (42)
when Ry = Cy = C; = 0 (see Appendix A.2 for more
detail).

(43)

4.1.1 Case that n=1 (two-line system)

In (43), d,=2.96, d,=1.05, d3=1.48, and d4;=0.81 are op-
timum for the least absolute error. The absolute error of
Upoppo 18 0.078E (7.8%) when 7 = 5, Rr=10, C7=0.1, and
C,=1 as shown in Fig. 12.

To minimize a relative error in a crosstalk noise am-
plitude, another fitting parameter set of d;=3.29, d,=2.65,
ds=1.11, and d4=1.91 is better fitting. The relative error
of vy oppo 15 63.8% ((43) = 21.08 X 1073 and HSPICE =
7.64 x 1073) when n = 0.1, Rr=0, Cr=10, and C;=5. The
relative error becomes large due to the same reason in the
same-direction drive case. Table 3 is an error table at vari-
ous values of v oppo-

4.1.2 Case that n=2 (three-line system)

d1=3.99, d,=1.81, d3=1.14, and d4=0.94 are optimum for
the least absolute error. The absolute error of vy, is
0.098E(9.8%) when n = 5, Ry=10, C7=0.2, and C;=1 as
shown in Fig. 13.

1 ‘ T
n=1 E1=0 ................ HSPICE
w [7=5 E=E |
> [R=10
g | C=01
g CJ=1
E
505
: 0.078E
z | TEawy !
=0.215
T e -

Normalized time: t/(RC)

Fig.12  Worst-case absolute error in crosstalk noise amplitude (n=1,
opposite-direction drive).
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Table 3  Relative errors of (43) when n=1. [ ] signify an absolute error.
Vp.oppo >0 >0.1E >0.2E >0.3E >0.4E >0.5E >0.6E
E 63.8% 63.8% 63.2% 57.7% 42.7% 23.0% 12.1%
O 10.078E] | [0.078£] | [0.078E] | [0.078E] | [0.076E] | [0.076E] | [0.066E]
Table 4  Relative errors of (43) when n=2. [ ] signify an absolute error.
Voo >0 >0.1E >0.2F >0.3E >0.4E >0.5E >0.6F >0.7E
E 63.3% 63.3% 63.3% 62.4% 59.8% 53.1% 29.3% 11.1%
O 10.098£] | [0.098E] | [0.098E] | [0.098E] | [0.098E] | [0.097E] | [0.094E] | [0.060E]

1 n=2 E=0 ... HSPICE and first order moment, M|, in the exact solution to (36) are
w =5 E,=E 1 supposed to be matched to those in the approximate voltage
S tR=10 waveform as follows;
o CT=0'2 0 1 2
o _ Ei/s—5sMy+s M|+ Oppuet | S
g CJ—1 ) exacl( 2) 2
9 0.098F S E1/s=5 (Toppo + 10)+S (Tappa+r(,p,,(,to+t0/2)
505 _HSPICE | 5
3 so.4d0 e — +Oapprox (57) - (45)
g ;{,‘.f“i’zq_(43) t where the left-hand side is the Taylor expansion of V| in
S 2 =0.342 (36), and the right-hand side is that of the approximate volt-
Z . age waveform in Fig. 14. Thus, the following equation set

holds;
0 1 1 1 1 n 1 1 n 1
0 50 100

Normalized time: t/(RC)

Fig.13  Worst-case absolute error in crosstalk noise amplitude (n=2,
opposite-direction drive).

Voltage: v,
E
! tt,
E,(1-€%p)
t

0.5E, Pd.0ppo

0 Time: t
In[2] Toppo

—

Fig.14  Approximate voltage waveform at the receiving point.

The relative error of v, 5, 18 63.3% ((43) = 40.33 x
1073 and HSPICE = 14.78 x 1073) when d,=4.96, d»=3.51,
ds=1.27, d4=1.87, n = 0.1, Ry=0, Cr=10, and C;=5. Ta-
ble 4 is an error table when v, ,,, is varied.

4.2 Delay

In order to obtain a line delay, we again introduce the mo-
ment matching method [13]. As shown in Fig. 14, we as-
sume that an approximate voltage waveform at the receiving
point v;(0,f) has a form of exponential function with a time
constant, T,pp,, and pure delay, fo, as follows;

01(0,1) = Ey (1= expl—(t = 10)/Toppo]) - (44)

Then, the coeflicients of the zero-th order moment, M,

{ Toppo T 10 = M, (46)

2 2 _ .
Toppo +T0pp0t()+t0/2 =M,

The solutions to (46) are as follows;

{ Toppo = +J2M - M; ' @7

to = My - Toppo

Finally, the line delay, #,4,,,,0, can be expressed as fol-
lows;

tpd,oppo = To + ln[z]Toppo

Mo — In[e/2] \2M; — M, (48)

where M, and M, can be obtained as follows from (36) and
the boundary conditions, (38);

My /(RC) = [E\{nn2Rr + 1) + 2R Cr

+2R7Cy + 2Ry + 2Cr + 1} — Eonn(2Rr + 1)]/2

M, /(RC)? = [E\{n*n*(24R2 + 20R; + 5)

+nn*(24R% + 20R7 + 3)

+2nn(24R%.Cr + 24R% + 30RCr + 20Rr + 10Cr + 5)
+24R2C2 + 48R2Cy + 48Ry C2 + 24R% + 60R,Cr
+24C7.+20R7 +20Cr +5} - Ex{n*n*(24R7.+20Rr +5)
+nn*(24R3. + 20Rr + 3)

+2nn(24R%Cyr + 24R2 + 30R;Cr + 20Ry

+8Cr + 4)}1/24

(49)

The delay comparisons between (44) and the HSPICE
simulations are shown in Fig. 15 whenn=2,np=1,and Ry =
Cr = C; = 0. The delays in the opposite-direction drive
case fluctuate from 0.25RC to 1.90RC according to the E,
drives, and the out-of-phase and in-phase drives have the
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worst-case and best-case delays, respectively. As well as the
same-direction drive case, the worst-case delay is discussed
as a line delay. See Appendix A.4 for the best-case delay.
However, the delay accuracy in the best-case analysis is bad.
As described in the previous subsection, when 7 is large, the
crosstalk noise surges at near £/2 or above E/2, which gives
a fatal influence to the best-case delay accuracy.

To obtain the worst-case delay, we substitute E; — E
and E, — —E, and then rewrite (49) as follows;

My/(RC) = EQ2nn(2Rr + 1) + 2RrCr + 2R Cy
+2Rr +2Cr + 1}/2

M, /(RC)* = E{2n (24R2 + 20R7 + 5)

+2nn (24R2 + 20RT +3)

+2m](48R2 Cr +48R2 +60R;Cr+40R7+18Cr +9)

+24R2 C2 + 48R2 CT + 48RTC2 + 24R2

+60RrCr + 24C% + 20Ry + 20Ct + 5}/24

(50)
With (50), (48) is recalculated as follows;

tpdoppol (RC) = {2nm(2Ry + 1) + 2R Cr + 2R C;
+2R7 +2Cr + 1}/2 = In[e/2] [-n*n (4R + 1)
+nn*(24R% + 20R7 + 3) + n(24R%Cr + 24R3-C,
+24R%. + 24R;Cr + 16Ry + 6Cr + 3)
+6R7C7 + 12R7.CrCy + 6R3.C5 + 12R;.Cy
+12R2C; + 12RrC2 + 6R% + 12R;Cr
+6C2 + 4Ry + 4Cr + 11/ V6
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=nn(0.13R7Cr + 1.37Rr + 0.81)
+0.75(RyCr + Ry + Cr) + R7C; + 0.37. (G29)]
However, since (51) does not fit to the HSPICE simula-
tions very much, we again introduce the fitting parameters,
by, by, b3, by, bs, and bg, as follows;
tpd,oppo/(RC) = nn(blRTCT + byRr + b3)
+b4(RTCT + Ry + CT) + bsRTC] + b(,. (52)
In both cases that n=1 and n=2, b=0, b,=1.48,
b3=0.78, b4=0.75, bs=0.75, and bs=0.40 are optimum with
a relative error of 8.1%. (52) is finally rewritten as follows;
tpdoppo/ (RC) = n(1.48Rr + 0.78)
+0.75(R7Cr + RrCy+ Ry + Cr) + 0.4. (53)
The worst-case relative error in the case that n=1 hap-
pens when n=0, Ry=10, Cy=10, and C,=0 as shown in
Fig. 16. On the other hand, the worst-case relative error in

the case that n=2 occurs when n=0.1, Ry=0.1, Cr=0.5, and
C,=10 as depicted in Fig. 17.

n='1 . E1 ='E
e E-E
CT=1 0 L

CJ=0 = -

................ HSPICE

e
n

=)

8.1%

—_ —

HSPICE Eq.(53)
=83.7 =904
-0.5

o 100 T 200
Normalized time: t/(RC)

opposite-direction

Normalized voltage: v,/E

Fig. 16
drive).

Worst-case relative error in delay (n=1,

n=2 Es=E
7=0.1 E,=-E
R~=0.1 e
C,=0.5 e

C=10 =

o
n

(=)

8.1%

—_ —

Normalized voltage: v,/E

In[e/2 In[e/2
~n {n[e/ Inte/2lp ) + (2—M)RT+1
V6 V6
3ln[e/2]} ( 21n[e/2])
+(1 - —— (RTCT +RT+CT)
26 V6
1 In[e/2
+RTC] + - - n[e/ ]
V6
— Eq.(44)
"\-"_ ................ HSPICE
>
g E,=E: in-phase drive
s (best-case delay)
9 { E,=0: E,=0 drive
S '/ \E,=-E: out-of-phase drive
N (worst-case delay)
© 17
i E,=E

£ i1 025 !
o ] n=2
7

ol 0 ReCeCA

0 5 10

Normalized time: t/(RC)
Fig.15 Delay comparisons between (44) and HSPICE simulations

(opposite-direction drive).

Eq.(53)
. =1 .8?

HSPICE

=1.98

[
e
ou'l

Fig. 17
drive).

1

2 3

Normalized time: t/(RC)

Worst-case relative error in delay (n=2, opposite-direction
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Expressions and relative errors at a glance. [ ] signify an absolute error.

Eq. # and relative error

Crosstalk noise amplitude

Worst-case delay

n=1

Same- (two lines)

drive =

(three lines)

(19) and
direction Ty = R, (C;+a,C,)+R, +C, +04
Ty = Rp(Cyp +a,C))+ pRy +Cp +0.4p

24.0%
(4:=0.78)
[0.033E
(4:=0.70)]
23.9%
(a:=0.78) (321)
[0.044E (a;z)
(4:=0.70)]

@4

6.9%

n=1
(two lines)

Opposite-

drive

n=2
(three lines)

direction 43)

63.8%
(d=3.29
&=2.65
d=1.11
d=1.91)
[0.078E
(d=2.96
d=1.05
d=1.48
d,=0.81)]
63.3%
(d=4.96
=351
d=127
d,=1.87)
[0.098E
(d=3.99
=181
d=1.14
d,=0.94)]

(53) 8.1%

5. Conclusion

The closed-form expressions for the crosstalk noise am-
plitude and the worst-case delay in capacitively coupled
two-line and three-line systems were introduced. The both
modes of the same-direction and opposite-direction drives
are considered, and a junction capacitance of a driver MOS-
FET is also reflected. The relative and absolute errors in
the crosstalk noise amplitude, and the relative error in the
worst-case delay are within 63.8%, 0.098E, and 8.1%, re-
spectively. They are useful for circuit designers to give in-
sight to coupling related issues in an early stage of a VLSI
design.

In summary, we list the expressions and relative errors
in Table 5.
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Appendix
A.1 Fitting Equation (16)

To modify (15) and obtain (16), we chose aC’; as a fitting
term and added the fitting terms to (15), so that (16) be-
comes (15) when C,;=0. Note that @ and b are the fitting
parameters. We tried the following equations and several
other combinations as fitting equations, among which (16)
has the least relative error in terms of line delay;

1
v,y =E; - —{(E1 + nkj) exp
n+1

_ t/(RC)—-0.1 —a; VR Cy
RT(CT + Cl2C]) +Rr+Cr+04

+n(E1—E2)exp[— 1/(RC)=0.1p—ai1p VRrCy ]}

RT(CT+612C])+pRT+CT+O.4p
(A-1)
where the relative error is 9.6% when n=1, a;=0.05, and

ar=1.1. The relative error becomes 9.7% when n=2,
a;=0.05, and a,=1.09.

1
vl,t) =E; - m{(El + nks)exp

B t/(RC)—-0.1 —a1RrCy
Ry (Cr +axCy)+ Ry + Cr + 0.4

+n(E —E») exp[ t/(RC)-0.1p—a;RyCy }}’

_RT(CT +a2CJ)+pRT+CT +04p
(A-2)

whose relative error reaches 10.7% when a;=0.2 and
a>=0.83 in both the two-line and three-line systems.

A.2 Fitting Equation (43)

To obtain (43), we added aR%., aC%., and/or aC? to (42) as fit-
ting terms so that (43) becomes (42) when Ry = Cr = Cy =
0. Although we assayed the following equations and more
than twenty combinations, (43) exhibits the least absolute
error among them in terms of crosstalk noise amplitude;

Up,oppo _ np—n ) RT +RTCT+1
E n\/ﬁ+1+d1C7+d2RTCJ d3RT+d4RTCT+1,
(A-3)

where the absolute error is 0.121E (12.1%) when n=1,
d=1.38, d»=0.12, d5=2.29, and d4=0.59. The absolute er-
ror becomes 0.152E (15.2%) when n=2, d;=1.29, d,=0.19,
d3=1.78, and d;=1.18.

Yp.oppo _ n\p-n ] VR +1
E n\/[_7+1+d1 VCT+d2\/C_J d3VRT+1
VRTCT +1 VRTCJ+1 (A 4)

.d4 VRrCr +1 'd5 VRTCJ+1,
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where the absolute error is 0.099E (9.9%) when n=1,
di=1.7, d,=0.25, d3=1.85, d;=0.91, and ds=1.31. The ab-
solute error becomes 0.126E (12.6%) when n=2, d,=3.23,
d»=0.5, d3=1.54, d4=0.76, and d5=1.3.

A.3 Best-Case Delay in Same-Direction Drive

Figure 8 shows that the best-case delay happens in the in-
phase drive case. The best-case delay might be considered
for a setup time at a flip-flop or something, but it can be the-
oretically obtained by setting 7 to zero as mentioned at the
beginning of Sect.3.2. In other words, the worst-case ex-
pression in the same-direction drive case includes the best-
case one in nature, and it can be easily obtained by substi-
tuting n — 0.

A.4  Best-Case Delay in Opposite-Direction Drive

In the estimation of the best-case delay, we set E; — E and
E, — E in (49), which is as follows;

My/(RC) = E{2RyCy + 2Ry C; + 2Ry + 2Cr + 1}/2
M, J(RCY? = ER2nm(2Cr + 1)
+24R2.C2 + 48R2.Cy + 48R7C2 + 24R% + 60R7Cr
+24C% + 20R7 + 20C7 + 5}/24

(A-5)

From (48), the best-case delay is obtained as follows;

tod.oppol (RC) = 2Ry Cr + 2Ry Cy + 2Ry + 2Cr + 1} /2
—In[e/2]y/ [m(2Cr + 1) + 6R;.C7. — 12R3C1C,
—6R%C?% + 12R5.Cr — 12R5.C; + 12R1C3 — 12R;CrC;
+ 6R}.+12R; Cr—6R7C;+6C7+4Rr +4Cr+1| / V6
In[e/2

o Le2] Ry CrCy - 2Ry Cr — 3R Cy + 2Ry — 1)

26
+(1 _ 2In[e/2]
V6

3ln[e/2])
1+ ——|R;/C —
*(* V6 )T

= 0.06nn(6R7Cr — 2RrCr —3R7Cy; + 2Ry — 1)
+0.75(R7Cr + Ry + C7) + 1.38RrC; + 0.37

= bynn(6RyCy — 2Ry Cr —3RrCy; + 2Ry — 1)
+by(R7Ct + Ry + Cr) + b3RrCy + by. (A-6)

)(RTCT + Ry +C7)

1 In[e/2]

where by, by, b3, and by are fitting parameters. Unfortu-
nately, no matter what values are chosen as the fitting pa-
rameters, the relative error of (A- 6) always becomes 100%
unless by = by = 0. This is because the best-case delay
becomes zero if Ry = Cr = C; = 0 and 7 is two or more.
In this case, the waveform goes beyond E/2 at the moment
of =0 (suppose 7 is two or more, and apply it to the best-
case delay in Fig. 15). However, the parameter setting that
by = by = 0 is not appropriate, which implies that (A 6)
based on the first-order moment matching is not suitable for
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the best-case delay derivation.
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